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Exploration 1: Instantaneous Rate of Change of
a Function

The diagram shows a door with an automatic closer. At
time ¢ = 0 s, someone pushes the door. It swings open,
slows down, stops, starts closing, then slams shut at time
t =7 s. As the door is in motion, the number of degrees, d,
itis from its closed position depends on 1,

1. Sketch a reasonable graph of d versus .
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2. Suppose that dis given by the equation
d=200t - 27"

Plot this graph on vour grapher. Sketch the results
here.




August 27, 2015

3. Make a table of values of d for each second from
t = 0 through t = 10. Round to the nearest 0.1°.
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4. At time (= 1 s, does the door appear o be opening
or closing? How do you tell?

5. What is the average rate at which the door is moving
for the time interval [1, 1.1]? Based on your answer,
does the door seem to be opening or closing at time
[ =17 Explain.
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G. By finding average rates using the time intervals
[1, 1.O1], [1, 1.0OOL], and so on, make a conjecture
about the instantaneous rate at which the door is
moving at time =1 s.
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. In calculus you will learn by four methods:
¢ algebraically,
* numerically,
e graphically,
¢ verbally (talking and writing).

What did vou learn as a result of doing this
Exploration that you did not know before?
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Meaning of Derivative

The derivative of function f(x) at x = cis the
instantaneous rate of change of f(x) with
respect tox atx = c¢. Itis found

* Numerically, by taking the limit of the
average rate over the interval from c to x as
x approaches ¢

* Graphically, by finding the slope of the line
tangent to the graphatx = ¢
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Average and Instantaneous Speed

A moving body’s average speed during an interval of time is found by dividing the dis-
tance covered by the elapsed time. The unit of measure is length per unit time—kilometers
per hour, feet per second, or whatever is appropriate to the problem at hand.

EXAMPLE 1 Finding an Average Speed
A rock breaks loose from the top of a tall cliff. What is its average speed during the first
2 seconds of fall?

y = 1602 y is distance in ft and t is time in seconds

1 Answer?
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EXAMPLE 2 Finding an Instantaneous Speed
Find the speed of the rock in Example 1 at the instant r = 2.

Solve Numerically We can calculate the average speed of the rock over the interval
from time + = 2 to any slightly later time r = 2 + has

Ay _ 16(2 + h)? - 16(2)?

1
At I 1)
LELICR A Average Speeds over
Short Time Intervals Starting at
t=2
Ay 16(2 + h): — 16(2)2
At h
Length of Average Speed
Time Interval, for Interval
h (sec) Av/Ar (ft/sec)
1 80
0.1 65.6
0.01 64.16
0.001 64.016
0.0001 64.0016
0.00001 64.00016

Confirm Algebraically If we expand the numerator of Equation 1 and simplify, we

find that
Ay _ 16(2+ )2 = 16(2)* _ 16(4 + 4h + h?) — 64
At h h
h + 12
- GO0 64+ 16

h
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Exploration 2: Graphs of Familiar Functions

For each function:

a. Without using your grapher, sketch the graph on the
axes provided.

b. Confirm by grapher that your sketch is correct.

"

¢. Tell whether the function is increasing, decreasing,
or not changing when x = 1. If it is increasing or
decreasing, tell whether the rate of change is slow !

.

or last.
1. fix)=37%
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2. [IX) = sin 55X
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3. f(X)=x"+

C. Increasing at a
fastrateat x=1

X - 2
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4. [0 =secx

o

¢. Increasing at a slow rate
at x=1
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5. [ = l\

o

c. Decreasing at a slow rate

at x=1
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Verbal Definition of Limit

b is the limit of f(x) as x approaches ¢
if and only if

L is the one number you can keep f(x)
arbitrarily close to

just by keeping x close enough to ¢, but not
equal to c.
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Figure 2.2 illustrates the fact that the existence of a limit as x—c¢ never depends on how
the function may or may not be defined at ¢. The function fhas limit 2 as x—1 even though

fis not defined at 1. The function g has limit 2 as x—1 even though g(1) # 2. The function
h is the only one whose limit as x—1 equals its value at x = 1.
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THEOREM 1 Properties of Limits

If L, M, ¢, and k are real numbers and

1.

@

. Quotient Rule:

lim f(x) =L and lim g(x) = M, then
X0 X=(

Sum Rule: lim (f(x) + g(x))=L+M
X—C

The limit of the sum of two functions is the sum of their limits.

. Difference Rule: lim (f(x) = gx)=L-M

The limit of the difference of two functions is the difference of their limits.
Product Rule: lim (f(x)+g(x)) =L-M

The limit of a product of two functions is the product of their limits.

. Constant Multiple Rule: lim (k«f(x)) =k-L

The limit of a constant times a function is the constant times the limit of the
function.

. X L
hmf—(—)=—,M¢()

= g(x) M

The limit of a quotient of two functions is the quotient of their limits, provided
the limit of the denominator is not zero.

. Power Rule: If r and s are integers, s # 0, then

] |m ( f(x))rf’.c — Lr,"f\'
provided that L'* is a real number.

The limit of a rational power of a function is that power of the limit of the func-
tion, provided the latter is a real number.
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EXAMPLE 3 Using Properties of Limits

Use the observations lim,_,. k = k and lim,,. x = ¢, and the properties of limits to
find the following limits.

(a) lim (x3 + 4x2 - 3)

- C_3'|' k{cl_B

4 2

o Xt~

(b) lim =
A= X+

W

¢ -
CIAS
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THEOREM 2 Polynomial and Rational Functions

1. If f(x) = ax™ + a,;x™ ' + -+ + a, is any polynomial function and ¢ is any
real number, then

lim f(x) = f(c) = a,¢” + a,— ¢ ' + -+ + ay.
X=—C

2. If f(x) and g(x) are polynomials and ¢ is any real number, then

IimM = TAG

. provided that g(c) # 0.
A= g(l) g(c) p 8\¢
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EXAMPLE 4 Using Theorem 2

2 Answer?

(a) lim (32 = x)]

< -9

3T (3-3)
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EXAMPLE 4 Using Theorem 2

3 Answer?

X+ 2x + 4 (QY 1 QR@)+Y
A+ Q\

(b) lim

12 D o

ro

=3
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4 Answer?

EXAMPLE 5 Using the Product Rule

Determine i l'l(l) [ir:—\ .
- hint:  tan »
ln  Sinx |
XDD  Cogx —;4
] (M say . \
X->p : [*’“
X ¥‘>D CO‘:X

NI

—
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EXAMPLE 6 Exploring a Nonexistent Limit

Use a graph to show that
x? =1

lim

—2 X = 2

does not exist.

Use scale [~10, [0] by [~100, 100]

Not approach na\ Some
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right-hand:  lim f (x)  The limit of f as x approaches ¢ from the right.

A2

left-hand: lim f(x)  The limit of f as x approaches ¢ from the left.

=

EXAMPLE 7 Function Values Approach Two Numbers
The greatest integer function f(x) = int x has different right-hand and left-hand limits at

cach integer, as we can see in Figure 2.5. For example,

lim intx =3 and Iing intx = 2.
P

r=3*

The limit of int x as x approaches an integer n from the right is n, while the limit as x ap-
proaches n from the leftisn — 1.

4+ PN
y=intx
I+ o—
2 *—0
1+~ *—0
| ) R B \
-1 | 2 3 4
° 4
— D

Figure 2.5 At each integer. the greatest
integer function y = int x has different
right-hand and left-hand limits.
(Example 7)
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THEOREM 3 One-sided and Two-sided Limits

A function f(x) has a limit as x approaches c if and only if the right-hand and left-
hand limits at ¢ exist and are equal. In symbols,

lim f(x) = L& lim f(x) =L  and  lim f(x) = L.

\—( N—>C

¥ EXAMPLE 8 Exploring Right- and Left-Hand Limits
All the following statements about the funciy ) ed in Figure 2.6 are true.
NS " y=flx) Atx =0 limp flx) =1
/\ Atx = 1: lim f(x) = 0even though f(1) = 1,
]1\.—*. v—l
| | | | .
0 1 2 3 4
. . . . . Atx =2:
Figure 2.6 The graph of the function
—x + 1 O0=x<1
1, l=x<2
flx)=12, x=2
x = 1, 2<x=3 Atx =3
¥+3, 3<x=4 Atx = 4:
(Example 8) At noninteger values of ¢ between 0 and 4_
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THEOREM 4 The Sandwich Theorem

If g(x) = f(x) = h(x) for all x # ¢ in some interval about ¢, and

lim g(x) = lim h(x) = L,

then
lim f(x) = L.
X—C
¥
h
4 /
Dad
0 c

Figure 2.7 Sandwiching f between g
and & forces the limiting value of fto be
between the limiting values of g and .
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EXAMPLE 9 Using the Sandwich Theorem
Show that I_irr(l, [x2sin (1/x)] = 0.

(-0.2,0.2] by [-0.02, 0.02]

Figure 2.8 The graphs of y, = x2,
vy = x2sin (1/x), and y; = —x2. Notice
that y; = y, = y,. (Example 9)




